Abstract-A robust loss filter design method is presented for digital waveguide string models, which can be used with high filter orders. The method aims at minimizing the decay time error in partials of the synthetic tone. This is achieved by a new weighting function based on the first-order Taylor series approximation of the decay time errors. Smoothing of decay time data and requiring the design to be minimum-phase are also proposed to facilitate the stability of the design. The new method is applicable to analysisbased sound synthesis of piano and guitar tones, for example.
I. INTRODUCTION

P
HYSICAL MODELING of musical instruments using digital waveguides [1] has been an active field over the past decade. This letter describes a robust technique for high-order loss filter design for digital waveguide models of string instruments. Previous methods have been useful in designing firstorder loss filters but have turned out to be imperfect in the case of higher filter orders. The proposed method optimizes for decay times, which was found to be a perceptually meaningful criterion.
Section II of this letter describes the basic idea of digital waveguide synthesis. The commonly used technique for loss filter design is presented in Section III. A new design method is proposed in Section IV based on a special weighting function, and Section V discusses the phase specification for loss filter design. The properties of the new method are demonstrated in the case of weighted least squares IIR filter design in Section VI. Finally, conclusions are given in Section VII.
II. DIGITAL WAVEGUIDE STRING MODEL
The digital waveguide [1] originates from the discretization of the traveling-wave solution of the wave equation. By assuming linearity, all the losses and dispersion of the string and the terminations can be lumped to one point of the model [1] . Thus, the model reduces to a delay line and a filter in a feedback loop [2] , [3] . Such a model has the transfer function of where is the length of the delay line in samples, and is the loop filter. This model is capable to generate a quasi-harmonic tone consisting of exponentially decaying sinusoids. The partial frequencies are determined by the delay line length and the phase delay of the filter . The decay times of the partials are controlled by the magnitude frequency response of the loop filter . In [4] , two sophisticated filter design techniques presented in [5] are discussed, which design the loop filter as a whole. The results show that these complicated methods usually result in filter magnitudes larger than one, i.e., in unstable feedback loops. Stable loop filters have been obtained by neural-network-based optimization [6] . However, the required order of the filters are of a magnitude larger than we are interested in this study. In general, designing is problematic because different accuracy is required with respect to the magnitude and phase response of the filter.
To simplify the design, the filter is usually factored to three parts:
, where is responsible for the losses and for the dispersion. The fractional delay filter is used for fine-tuning the fundamental frequency of the tone. A further advantage of this approach is that the string parameters, such as the length or losses due to the touch of the finger, can be changed separately during playing. Here we concentrate on designing the loss filter .
III. LOSS FILTER DESIGN
In digital waveguide synthesis, the goal is usually to produce synthetic sounds similar to real instruments. In the case of string instruments, a robust analysis method consists in measuring the decay times of the partials of a recorded single tone [3] . From the decay times, the required loop gain for each partial frequency can be calculated by where is the fundamental frequency of the string, and is the decay time constant of the th partial. The loop gain values together with the partial frequencies constitute the magnitude specification for the filter , i.e., . A simple and common technique for designing the filter is minimizing the mean-squared error , where refers to the number of measured partials. Nevertheless, problems arise because the decay times are a nonlinear function of the filter magnitude response, namely . Therefore, as approaches unity, the same amount of magnitude deviation 1070-9908/03$17.00 © 2003 IEEE will correspond to a larger and larger difference in the decay time . Moreover, if the magnitude response of exceeds unity at one of the partial frequencies, the digital waveguide becomes unstable, since the loop gain is larger than one.
In [3] , an ad hoc weighting function for the one-pole loop filter is proposed, which helps to lessen these problems. A robust method designing the one-pole loss filter was presented in [7, pp. 87-91] . Bank [7, pp. 82 -87] presented a method for high-order loss filter design based on the transformation of the specification. A two-step procedure for high-order loss filter design applying polynomial fitting was proposed in [8] . In the following, a simple and robust method is presented, which can be used with any filter order and with different filter design algorithms.
IV. NEW DESIGN METHOD
The role of the loss filter is to set the decay times. Therefore, it is reasonable to minimize the error with respect to the time constants, which was found to be a perceptually appropriate criterion. For example, in the mean-squares sense, the error is where are the prescribed and are the approximated decay times. The decay times of the synthetic tone can be computed from the magnitude of the designed filter by . If the function is approximated by the first-order Taylor polynomial around the specification , we obtain (1) which is a simple mean-squares minimization with weights , where is the differential of the function at the specified magnitude . Similar derivations can be performed for other error criteria (e.g., minimax). Note that now the weights depend on the magnitude specification and not on the frequencies, which is more common in digital filter design.
The first derivate of is . For , which is generally the case, can be approximated by . This comes from the first-order Taylor series approximation of . Since does not depend on , it can be omitted from the weighting function. Hence, the weighting function becomes (2) A similar weighting function based on the time-constant error has been derived for the norm in [5, pp. 182-183] . The approximation of (1) is accurate only for , which means that the magnitude of the designed filter is close to the specification. Caused by several factors, the measured decay times have a great variance [8] , which cannot be followed by filters of reasonable order ( ). Therefore, it is worthwhile to smooth the decay time data , e.g., by convolving them with a short window function before computing the specification . This way, the condition can be assured.
V. PHASE
The magnitude specification and the weights can be directly used for linear-phase finite-impulse response filter design. However, by doing so, half of the degrees of freedom are wasted for demanding the impulse response to be symmetric. In practice, it is not necessary to have an exactly linear-phase loss filter, since a nonlinear phase response corresponds to a slightly inharmonic tone, which does not corrupt the sound quality.
Designing minimum-phase filters is a pleasant choice, since then the phase specification can be easily computed from the logarithm of the magnitude specification by Hilbert transform [9] . Note that the Hilbert transform needs magnitude data for the entire digital frequency band and on a linear frequency scale. The missing data points in the high-frequency region are proposed to be calculated by designing a one-pole filter for the specification, e.g., by one of the methods presented in [7, pp. 87-91] or in [3] . Then, the magnitude response of the one-pole filter is used as a specification for the high frequencies. This is reasonable, since the loss filter behavior in the high-frequency region has no significant influence on the resulted tone, and such a simple specification is easily fulfilled by the filter design. At the original data points of the highest specified frequencies, a crossfade is applied to avoid discontinuities.
VI. DESIGN EXAMPLES
Examples are presented for IIR filter design. For the examples, the weighted least squares method implemented in MATLAB's invfreqz function is used [10] . The decay time data are smoothed by convolving them with a triangular window . Here, the last five data points of the measured specification are linearly mixed to the magnitude response of the designed one-pole filter. The magnitude response on a dense linear grid is calculated by using third-order polynomial interpolation, which was found to be accurate enough. The phase response on this dense grid is computed by the Hilbert transform and then resampled at the frequencies of the original specification points.
The decay time data used for this example was calculated from a piano tone ( 92.2 Hz), near-field recording. The decay rate of the partials up to 6.57 kHz were measured, which yielded data for 64 partials. The sampling frequency is 22.05 kHz. The smoothed decay times are displayed with points in Fig. 1(c) . The filter magnitude specification calculated from the smoothed decay times has been plotted with points in Fig. 1(a) and (b) .
IIR filters of order 2, 8, and 16 were designed. The magnitude responses are depicted in Fig. 1(a) , and Fig. 1(b) shows the same curves magnified for the most relevant frequency and magnitude region. Fig. 1(c) shows the corresponding decay times. Fig. 1 reveals that the magnitude error is smaller where the specification is closer to unity, which is necessary for the equal accuracy in decay times. Similar results have been obtained with several cases of piano and guitar data. The magnitude response of the designed filters never exceeded unity, i.e., the digital waveguide loop remained always stable. Proper listening tests should be conducted to find out the sufficient filter order that enables natural-sounding resynthesis.
VII. CONCLUSION
A new method was presented that is targeting to optimize the decay times of the digital waveguide and that can be used for high filter orders. The weighting is based on the first-order Taylor series approximation of the decay time errors. Smoothing of target decay time specification is necessary in the case of high variance of measured decay times. Requiring the design to be minimum-phase is also proposed. Examples of weighted least squares IIR loss filter design were shown. The new method is useful in analysis-based synthesis of string instrument sounds, such as piano and guitar tones.
